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When a direct-gap semiconductor is excited by an ultrafast (picosecond) light pulse, at relatively low intensity and spectrally around the lowest exciton resonance, (coherent) excitons are created initially with very small center-of-mass momenta. On a longer time scale (tens of picoseconds to nanoseconds), incoherent exciton-exciton and exciton-phonon scattering processes yield Boltzmann-type relaxation/thermalization kinetics and a broad momentum distribution of optically inactive excitons. While the exciton population kinetics on both the photo-excitation and the thermalization time scales are conceptually well established, that in the transition regime bridging the two time scales is still not well understood. This paper presents a theoretical analysis on how coherent correlations among excitons affect their population kinetics on this intermediate time scale. It is shown that, under appropriate conditions, exciton-exciton interactions lead to nontrivial coherent evolution patterns in the exciton momentum distribution, which can in principle be observed and measured experimentally.
A large volume of literature exists that elucidates many aspects of the important multiexciton correlations underlying nonlinear optical processes in semiconductors (for recent reviews see [1] [2] [3] [4] ). However, most experiments probing coherent exciton dynamics immediately after ultrafast optical excitation measure the interband polarization, which can be pictured as a macroscopic wave function describing excitons occupying a small number of center-of-mass momentum states. The coherent kinetics of excitons outside the interband polarization during this time is an aspect that has not received much attention. On the other hand, most recent studies on exciton population kinetics [5] [6] [7] have focussed on long-time incoherent processes such as dephasing, thermalization, and exciton formation from cooled electron-hole plasmas. The optically inactive momentum states, i.e. those outside the interband polarization, are initially populated through excitons scattering pairwise out of the interband polarization, as visualized in fig. 1(a) . We argue here that subsequently, if the exciton density is relatively low, the exciton momentum distribution exhibits a coherent evolution behavior which can survive for some time before dephasing sets in. In the following we will explain the main characteristics of this coherent kinetics, which are distinct from those of incoherent processes, and at the end of this paper we will propose experimental schemes that could be used to verify our predictions.
The excitons are modeled as bosons, the Hamiltonian of which consists of a kinetic energy, a two-body interaction, and a dipole coupling to the applied field that includes a fermionic exchange contribution. The matrix elements are constructed from electron-hole input: exciton wave functions and the Coulomb potential, and they are determined [8] by requiring our boson theory to correctly handle two-electron-two-hole correlations, Coulomb and fermionic exchange, in the coherent, low-intensity excitation regime. Technically, this requirement is that our theory gives a third-order (in the applied radiation field amplitude) interband polarization, for excitation from the ground state, that is formally identical to that in the underlying electron-hole theory, as derived, for example, through the Dynamics Controlled Truncation formalism [9] . It seems physically reasonable to expect this theory to be applicable to excitation regimes which are beyond χ (3) but are still at sufficiently low density and energy that the mean field and two-exciton correlations remain the dominant physical effects. Of course, a boson theory has a practical advantage only when the physical phenomena can be reasonably described by including a limited number of exciton states. In the present application, the theory is restricted to the 1s heavy-hole subspace. For GaAs quantum wells, which we have chosen as example system, these criteria for applicability are expected to be satisfied, though perhaps only by a modest margin. One would obtain qualitatively the same prediction for the phenomena discussed here in systems with large exciton binding energy, e.g. Cu 2 O, where the validity of our bosonic theory of excitons is more certain.
A GaAs single quantum well with area A is irradiated in normal incidence by a circularly polarized light pulse spectrally tuned to the heavy-hole 1s resonance. Assuming that only 1s excitons are excited (see discussion below), we drop all band and internal exciton state labels in the following. We study the coherent evolution of the (in-plane) momentum distribution of 
We assume sufficiently low lattice temperature so that phonon-induced dephasing can be ignored in the initial several picoseconds after the pulse. To focus on the features of the coherent kinetics, we also ignore exciton-scattering dephasing in the main part of our analysis, deferring a discussion of its influence to the end. Under these conditions, the evolution of b(t), f (k, t), and f a (k, t) are governed by the following coupled mean-field-type equations which can be derived, e.g., through the nonequilibrium Green's function formalism:
where
For the slightly simplified case of a (k-independent) contact potential, eqs. (1)- (3) have been derived in ref. [6] . Equation (1) is a generalized Gross-Pitaevskii equation, and eqs. (2)- (3) are similar to the Hartree-Fock-Bogoliubov equations in theories of dilute bosonic atoms (see, e.g., [10] ). V (k, k ) (V in matrix notation) is the potential between two co-circularly polarized 1s excitons effecting a transition from relative momentum k to relative momentum k. In matrix (in the relative momentum basis) notation, it is given bŷ
d/e being the matrices of direct/exchange Coulomb integrals with 1s wave functions,K ≡ 1 −Ŝ,Ŝ being the overlap matrix of the nonorthogonal two-exciton basis wave functions, andε is the diagonal matrix of the kinetic energy sum of the two excitons [11] . For previous derivations of and discussions on exciton-exciton interactions, see e.g., [12] . Ω(t) is the Rabi frequency of the applied field, and φ 0 is the value of the 1s relative-motion exciton wave function at zero electron-hole separation. The contribution from the exchange correction to Ω(t) is not shown in eq. (1), but is included in the calculations.
The potentialV is Hermitian, nonlocal, and strongly repulsive at short ranges. It reduces to the (local) Heitler-London potential, e.g. between two hydrogen atoms, in the infinite-holemass limit.V is sufficiently strong that some diagram series to all order inV , whose sum gives the two-particle scattering amplitude (or the T -matrix), must be included in the otherwise strictly mean-field equations. For our purposes, a time-local approximation of the T -matrix with its momentum dependence set to that ofV is considered adequate: V T (k, k ) = αV (k, k ) (here, α normalizes the magnitude ofV T to that of the approximate value of the low-energy T -matrix as calculated withV [11] ). WhereV T enters the equations has been determined by diagrammatic analysis so as to avoid overcounting of perturbation series terms.
We note that, like other boson mean-field equations, eqs. (2)-(3) possess a symmetry structure characterized by the algebra su(1, 1) (see, e.g., [13] ). Among this symmetry's consequences is the conservation law:
, so that one only needs to understand the behavior of the coherent biexcitonic amplitude f a . In figs. 1-3, we present some numerical solutions of eqs. (1)-(3) . The interactionV has been calculated using a strictly 2D model with typical GaAs material parameters for the quantum well. For these results, the light field is a 1.2 ps (intensity FWHM) pulse (spectral width ≈ 2 meV) at resonance with the 1s exciton level ( fig. 1(b) ). The time evolutions of
, and the total density n ≡ n b + n f are also shown in fig. 1(b) . The total density is conserved after the pulse. The small (barely visible) oscillations in n b correspond to those discussed in [14] . Figure 2 shows the momentum distribution of the optically inactive excitons at various times. Created by scattering during the light pulse, f (k) decreases monotonically with |k| through the duration of the pulse. Then, a train of peaks emerge at the high-momentum end of the distribution and move towards the low-momentum region. This dynamics in momentum space also leads to some interesting wave-like behavior for the one-particle correlation function in r-space, ρ(r −r ) ≡ k f (k)e −ik·(r−r ) +n b , which is shown in fig. 3 . At any fixed momentum k, f (k) oscillates in time; f (k, t) for a small |k| (= 10 −4Å−1 ) is shown in the inset of fig. 3 . At low densities, the oscillation frequency for small k is found to be ≈ 2V T (0, 0)n b .
The physical mechanisms underlying these behaviors can be best understood in the lowdensity limit. If we retain only leading-order (in the light field amplitude) terms in eqs. (1)- (3), with zero initial conditions, it is clear that the leading orders of b(t), f a (k, t), and f (k, t) are 1, 2, and 4, respectively. Moreover, f (4) (k, t) = |f a(2) (k, t)| 2 (the superscript (n) denotes the n-th order contribution to the quantity). To second (or χ (2) ) order, eq. (3) reduces to
An important point here is that, although σ a(2) (k, t) contains the solution f a(2) (k, t), it typically settles to almost a steady harmonic oscillation with frequency 2ε(0) not long after the pulse has passed. To see this qualitatively, one notes that, with σ a(2) (k, t) given by eq. (5), eq. (7) is an inhomogeneous (i.e. with a source term) Schrödinger equation describing the generation of correlated pairs of excitons with opposite momenta via coherent scattering from the optically excited component b(t) and the subsequent rescatterings of the excitons off each other. By solving eq. (7) formally, one can write σ a(2) (k, t) as
is the transition amplitude (through repeated scatterings) between the pair-exciton state with zero momentum and the state with momenta k and −k. T R (t − t ) typically has a finite range τ in t − t , so that since b
(1) (t) oscillates, with frequency ε(0) after the pulse, so σ a(2) (k, t) becomes steadily oscillating after an additional time interval τ . With the foregoing analysis, eq. (7), for each k, assumes the form of the equation of motion of a standard atomic two-level system excited by a detuned steady external field in the linearresponse limit [15] : σ a (2) and 2ε(k) play the same role as the transition matrix element and the transition energy, respectively, in the two-level case. f a (2) is the parallel of the amplitude, and f (4) (k) = |f a(2) (k)| 2 the probability, for the atom to be in the upper level. The behavior of the upper-level population for atoms excited by a stationary, weak field is simple: it oscillates with a frequency equal to the detuning and an amplitude proportional to the transition matrix element squared (cf. fig. 3-2 in [15] ). Likewise the exciton distribution f (4) (k, t) oscillates in time, with k-dependent frequency and amplitude. The moving patterns shown in fig. 2 are due to the decrease of the oscillation frequency 2ε(k) − 2ε(0) with decreasing |k|. The above χ (4) analysis holds for almost the entire momentum space, but it breaks down for k's close to zero. Since the source term in eq. (7) oscillates at 2ε(0), the detuning 2ε(k)−2ε(0) vanishes at k = 0. Hence, f (4) (0, t) grows monotonically in time (cf. fig. 3-3 in [15] ), in contrast to the oscillatory behavior shown in fig. 2 . This discrepancy can be traced to the fact that in the "single-particle energy" (square bracket) term in eq. (3), the additional "self-energy" σ(k, t), whose leading term is χ (2) , becomes the dominant term where ε(k) vanishes. Adding (7) leads to an oscillatory f (k, t) for small k with a limiting frequency 4V T (0, 0)n b . To be consistent, however, one must examine terms to the same order in other quantities. The upshot is that b 2 (t) acquires a phase with frequency ≈ 2V T (0, 0)n b , so the actual "detuning" or oscillation frequency for small k is ≈ 2V T (0, 0)n b , which agrees well with the numerical results. In sum, the physical picture is: via scattering, correlated exciton pairs jump back and forth coherently between b(t) (k = 0) and the optically inactive (k = 0) states, and the moving patterns in f (k) arise from beatings between the (renormalized) energy of each (k = 0) state and that of b(t). While this simple analysis applies rigorously only to the low-density limit, our numerical results show the dynamical patterns just discussed to remain prominent at higher densities.
In order to detect the patterns shown here, one would need a time-resolved detection method sensitive to the k-dependence of the distribution. One can in principle use Terahertz absorption for transitions between the heavy-hole and light-hole valence bands, taking advantage of the different dispersion relations in the two bands. Since dipole transitions between the p-wave components of the orbital wave functions in these bands are forbidden, the feasibility of this method depends on the magnitude of the mixed-in s-components to the orbitals. Luminescence reveals less information on the distribution, but may be more detectable. The time-resolved luminescence signal at an off-normal direction would track the oscillations of f (k, t) for a corresponding small k. We estimate the maximum |k| that can be seen in luminescence (at large angles) to be |k| = 10 −3 /Å (marked as a vertical line in fig. 2 ). In the inset of fig. 3 we show f (k, t) for |k| = 10 −4 /Å (solid line). Within the low-density regime, the oscillation frequency of the signal is proportional to the beam intensity. This intensity dependence may distinguish the desired signal from other oscillating luminescence sources. For ideal samples at low temperatures, the most important incoherent effects, which may eliminate the oscillatory signature in this signal, are exciton-exciton scattering-induced dephasing and radiative decay. We have repeated our calculations including these effects; in the inset of fig. 3 , the result for f (k, t) for |k| = 10 −4 /Å (dashed line) is compared to the mean-field result. One can see that, while the inclusion of dephasing and decay changes the oscillation amplitude of the signal relative to the mean-field prediction, the oscillation frequency during the time scale we are examining, i.e. < 10 ps, remains unchanged. Another complication is the possibility of luminescence at the exciton resonance from a plasma of unbound but correlated electrons and holes [16] . However, in our excitation regimes, we believe that the ionized component of the electron-hole system is small.
While eqs. (1)- (3) were used for far-from-equilibrium processes, they are also applicable to the dynamics of near-equilibrium Bose condensed systems. For example, if the existence of bulk exciton condensates (e.g., [17, 18] ) is confirmed in the future, eqs. (1)- (3) can be used in studies of short-time coherent kinetics in these systems.
In summary, we predict that, under appropriate conditions, optically inactive excitons form a moving pattern in their momentum distribution. Driven by two-exciton correlations, this coherent quantum kinetic effect bridges the well-known kinetics associated with optical excitation on the one hand and incoherent relaxation on the other. * * * We thank H. Stolz for stimulating discussions. Support from DARPA, ONR, JSOP and COEDIP is gratefully acknowledged.
